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Abstract

Understanding how cells attenuate responses initiated by external signals and display
adaptive dynamics is a fundamental question in biology. This study explores two well-
known control mechanisms to gain insights into how cellular signal adaptation occurs in
each. The first mechanism involves an incoherent feedforward loop(IFFL), and the second
involves a negative feedback loop(NFBL). After deriving the sufficient conditions for
the adaptive dynamics of each mechanism, we determine the parameter regime in which
adaptation occurs. Mathematical analysis shows that the parameter regime for adaptive
dynamics in the IFFL model is broader than that in the NFBL model. Additionally, the
relationship between the signal level and the steady state of the intermediate protein is
linear in the IFFL model, whereas this relationship is saturating in the NFBL model. Our
simulation results show that for the constant prolonged input signals, the IFFL model
is faster to produce a response and quicker to return to its pre-steady state compared to
the NFBL model when the signal protein has a moderate to high affinity to the response
protein. The NFBL model, with low affinity between the signal protein and the response
protein, returns to its pre-steady state more quickly, but lacks the capacity to generate a
strong response. However, the NFBL model with a high affinity of the signal protein to
the response protein is capable of producing a higher maximal response compared to the
IFFL model for weaker signals, but this dynamic is not robust against repetitive pulse-
type signals.
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Introduction

Cells continuously interact with their environment by receiving signals and generating
appropriate responses to maintain homeostasis. In response to persistent signals, cells may
exhibit diminished responses over time. This phenomenon, known as adaptation, enables
cells to attenuate or terminate their response to prolonged stimulation. Adaptation can be
classified into two types: perfect adaptation, in which the system fully returns to its baseline
state, and partial adaptation, where the system returns to a state close to baseline after a
certain period.

Adaptation is a common feature of many cellular signaling pathways, mediated by vari-
ous biochemical mechanisms known as network motifs. The most prominent motifs respon-
sible for adaptive dynamics are incoherent feedforward loops(IFFLs) and negative feedback
loops(NFBLs). There are four types of IFFL motifs, with Type I IFFLs being the most
prevalent in organisms like yeast and E. coli [1]. For example, the IFFL motifs are found in
ERK signaling during cell fate decision-making [2—5], RTK signaling in cell-to-cell com-
munication [6—8], and NF-xB signaling in immune responses [2, 9, 10]. The IFFLs are cru-
cial for cellular signal processing and decision-making, serving functions such as enabling
fold-change detection, where the output depends on the fold change in the input signal
rather than its absolute magnitude. These motifs regulate gene expression, integrate multiple
signaling pathways, and modulate cellular responses to environmental cues, enabling cells
to make adaptive, context-dependent decisions in processes like differentiation, apoptosis,
and immune responses [1, 11, 12]. On the other hand, the NFBL motifs play a key role
in regulating biological processes such as those involved in GPCR signaling [13—15], the
lactose utilization network in E. coli [16, 17], the p5S3 tumor suppressor pathway [18], and
cAMP signaling pathways [13, 19]. The NFBL motifs are essential for modulating the tim-
ing, level, and fluctuations of cellular responses, maintaining homeostasis, and ensuring the
stability, precision, and adaptability of cellular functions in response to both internal and
external stimuli. These motifs are integral to the overall efficiency and resilience of cellular
systems [20-23].

Cellular regulatory mechanisms involving feed-forward loops, feedback loops, and auto-
regulatory processes have been extensively studied to enhance our understanding of cellular
decision-making process [22, 24]. They are known to produce rich and complex dynamics,
such as oscillations, multiple steady states, adaptation and both rapid and delayed responses
[6, 23, 25-27]. However, the role and necessity of multiple regulatory network motifs in
generating such dynamics remain not fully understood. Here, we explore the adaptive
dynamics that emerge from the IFFL and NFBL network motifs, comparing them in terms
of response time, return time, robustness, and their ability to generate maximal responses, to
better understand how cells make selective decisions in response to changing environmental
or intracellular signals.

The paper is organized as follows: Section 2 develops models for each network motif,
deriving the sufficient conditions for adaptive responses and examining the steady-state
behavior of each motif, including a discussion of their local stability. Section 3 compares the
numerical predictions of the temporal behavior of each model in response to input signals
with varying amplitude and persistence. The paper concludes with a discussion in Section 4.
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Mathematical Models and Analysis

This section presents mathematical models for two biochemical network motifs that can
generate adaptive dynamics, and derives the sufficient conditions for adaptation under per-
sistent input signals. The first model represents a network with an incoherent feedforward
loop (IFFL), shown on the left in Fig. 1, while the second model involves a negative feed-
back loop (NFBL) with autoregulation, depicted on the right in Fig. 1. Each network con-
sists of three proteins: A, B, and C. It is well established that an IFFL network with fewer
than three proteins cannot produce adaptive dynamics [28], whereas the NFBL motifs can
[6, 29]. Here, protein A serves as the signal protein, whose abundance increases in response
to the external input signal I. Protein B acts as an intermediate protein, interacting with
protein C, the response protein.

In the IFFL model, the signal protein A positively interacts with both intermediate pro-
tein B and the response protein C, while the intermediate protein B negatively regulates the
abundance of the response protein C. A well known biological example of an incoherent
feedforward loop of this type is the NF-xB signaling circuit, where NF-xB activates the
expression of both IL-8, a pro-inflammatory cytokine, and BCL3, a negative regulator that
competes with NF-xB for binding to target promoters, including that of IL-8. This dual
action results in a delay or inhibition of NF-xB-mediated IL-8 expression, illustrating the
classic features of an incoherent feedforward loop [9]. Additional examples biological cir-
cuits involving IFFL motifs of this type can be found in [1, 24, 30], and references therein.
On the other hand, in the NFBL model, the signal protein A positively interacts with the
response protein C, and the response protein C positively regulates the abundance of the
intermediate protein B while the intermediate protein negatively interacts with the response
protein C, and positively promotes its own level. A good biological example of a nega-
tive feedback loop combined with a self-regulating positive feedback circuit is the Bacil-
lus subtilis differentiation process into the competence state. In this system, differentiation

Input(l) Input(l)
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IFFL Pk

Fig. 1 A schematic representation of two network motifs involving three proteins that are capable
of producing adaptive response dynamics to the prolonged input signal: Incoherent feedforward
mechanism(IFFL) displayed on the left and negative feedback(NFBL) is shown on the right. Here, A is a
signal protein, B is an intermediate protein and C is a response protein. In both interaction mechanisms,
the input I activates only the signal protein A. The directed arrows represent a positive regulation while
arrows with rounded ends represent the negative regulation
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into competence is regulated by a negative feedback loop involving the transcription factor
ComkK and the activator protein ComS. ComK is necessary to trigger competence and also
activates its own expression, creating a positive feedback loop [31, 32]. However, exit from
the competence state is regulated by a negative feedback loop in which ComK indirectly
represses the expression of its activator protein, ComS [33-35]. Additional examples of
both real and synthetic biological circuits involving NFBL motifs can be found in [10, 36,
37], and references therein.

The IFFL Model

The model equations for the IFFL motif are given by Eqgs. (1)—(3) [28]. Eq. (1) describes
the dynamics of the signal protein A, where v f(I) represent the gain rate and the second
term models the degradation of this protein with a parameter 54 determining the half-life
of this protein.

dA A
o =uaf() - 2 1)
B A B )
dt BAJrKAB OB @
dC A K C
o 3)

E:UCA+KACB+KBC 7/370

Eq. (2) describes the dynamics of the intermediate protein B, in which the first term repre-
sents the gain rate of B due to A, and it is assumed to be Michaelis Menten type with the
parameters of vp and K 4 g representing the maximum gain rate and the level of A required
to reach the half of the maximum rate, respectively. Similar to the first equation, the second
term represents the degradation of B and the parameter S5 determines this rate. Finally, the
dynamics of the response protein C is given by Eq. 3). Here, the gain rate for C is the prod-
uct of two terms. The first term ﬁ models the positive regulation of C by A, which
is again assumed to be Michaelis Menten type with a parameter K 4. The second term in
this product ( Bf #=—) models the negative regulation of C by B, and K¢ is the Michaelis
Menten parameter determining the level of protein B at which the inhibition happens at the
half of its maximum rate. Here vc represents the maximal gain rate for C. The last term in
this equation models the degradation of this protein with a parameter (¢

Steady State Analysis and Adaptation Conditions

To better understand the model dynamics as the model parameters vary, it is often helpful
to express the model in dimensionless form and reduce the number of parameters without
sacrificing its dynamic behavior. The details of nondimensionalization process are provided
in the appendix. The dimensionless form of this model is
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da

E =g — a
db  aia
E 7a+a2 B
dc a 1

dr a+1b+1 ©

where 7 is a dimensionless time, and @, b and ¢ are dimensionless variables for the proteins
A, B and C, respectively. The degradation rates in a dynamical system directly influence
several key aspects of its behavior, including stability, response time, return time, and adapt-
ability [24]. For simplicity, we set Sp = 51 = 1 and assumed that all three proteins have
the same degradation rates [1]. This reduces the number of parameters in the dimensionless
model to three, namely ag, @1 and ao. The adaptation requires the steady state level of ¢
be independent of @ and its parameters. When the conditions (i) a* < aw, (ii) a* < 1, (iii)
b* > 1 hold simultaneously, the dimensionless model further simplifies to

da
7 —o—a “)
db «aja
& e Q)
de a
e 6
it b € ©

Adaptation in this model require a low affinity of signal protein A for the intermediate
protein B compared to the response protein C. The steady state(a*, b*, ¢*) of this model is
Qo Q9

P o) =
(aa ,C) (Oéo, o 70(1

Note that in the adaptive regime, the steady state c¢* is independent of a and its parameters;
it is solely determined by the parameters of b. Furthermore, for the adaptation to occur in
this model, b* must have a linear dependency on the gain rate of a, which is ag, with a
slope of {1 from Eq. (5) as depicted in Fig. 2. Moreover, b* is defined for all ag values. To
obtain a set of parameter values that leads to adaptive dynamics, a new parameter s >> 1 is
introduced, which allows us to further simplify the adaptation conditions to: (i) ag = s71,
(i) a1 = s? and (iii) oz = 1 and reduces the number of model parameters to one, namely
s . However, this selection of parameters represents one of the many parameter sets that
produces adaptive dynamics. More specifically, as an example, setting s = 102 uniquely
determines the parameter values as g = 1072, a9 = 1, a; = 10%. Therefore, the adaptive
model simplifies to
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b*

Qg

Fig.2 Graphical demonstration of the steady state analysis of the IFFL model in the adaptive regime. The
steady state of b increases linearly as a function of ag, with a slope of z—; for all values of g

j—i:s*l—a
db
E:SQCL*ZJ
de _a _
ar b °

and its steady state in terms of s becomes

Since s > 1, the steady state of b is much larger than the steady state of a, which is also
much larger than the steady state of ¢; namely, ¢* < ¢* < b* must hold. Note that the steady
states of @ and ¢ are both less than one while the steady state of b is greater than one.

Local Stability Analysis

To study the local dynamics of this model in response to an increase in the input signal while
it is at its resting state in the adaptive regime, the model equations are linearized around the
steady state when g = s™!, a1 = s and oz = 1(see appendix for the details). The linear
model describing the dynamics of the deviation of each variable from its respective steady
state becomes
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dAa
—=—-A
dr aty
ﬂAb =s2Aa — Ab
dr
dAc

o =sTAa—s3Ab—¢

Here ~ is a new input parameter representing an activatory input signal introduced in
terms of the percentage of the basal gain rate of @ when the system is at a resting state of
(Aa*, Ab*, Ac*) = (0,0, 0). The analytical solution of this system of differential equations
[38] for the initial condition Aa(0) = Ac(0) = Ac(0) = 0 in terms of the parameters -y and
s becomes

Aa(r) = (1 - e_T) (®)
Ab(r) =ys* (1= (1+7)e™7) ©)
Ac(r) =20 (10)

T 2s

After differentiating Eq. (10) with respect to 7 and setting it equal to zero, one can com-
pute that the maximum level of ¢ as Acpar = 2775~ 'e~2 attained at 7 = 2. For the values
of s = 1000 and v = 1.2 X «y, the percentage increase in ¢ relative to its steady state in
response to a 20% increase in the input signal can be calculated as 100 x % = 5.41%.
Eq. (10) also shows that the time required to reach maximum responses is independent of
the model parameters while the maximum deviation from the steady state of ¢ is directly
proportional to the input signal vy, and inversely proportional to s > 1. Since the reciprocal
of s determines the steady state of a, and there will be no response when s is infinitely large.

The NFBL Model

The model equations for the NFBL motif are given by Eqs. (11-13). Similar to the IFFL
model, Eq. (11) describes the dynamics of the signal protein A, where v f(I) represents
the gain rate and the second term models the degradation of this protein, with the parameter
B4 determining its stability.

dA A

’ fUAf(I)—LTA (11)
dB B C B (12
@ _, _ b
dt "B+ KpsC+Kcp Bo )
dC A Kpco C (13)
*®~ _ v
dt CA+KACB+KBC Bc

Eq. (12) describes the dynamics of the intermediate protein B, which is the product of two
Michaelis-Menten functions. Here, the first term (vp ﬁ) represents the gain rate of B
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due to positive self-regulation of this protein, which is assumed to be the Michaelis Menten
type with the parameters of v and K pp representing the maximum rate and the level of
B required to reach half of the maximum, respectively. The second term(ﬁf{CB) models
the gain in B due to positive regulation by the response protein C. Here, the parameter
K¢ p represents abundance of C required to reach the half of the maximum gain rate. The
last term in this equation represents the degradation of B, with the parameter 5. Finally,
the dynamics of the response protein C is given by Eq. (13). The gain term for C is the
product of two terms. The term ﬁ represents the positive regulation of C by A, which

is assumed to be Michaelis Menten type with parameter K 4c. The second term ( Bf Koo
models the negative regulation of C by B. Here v¢ represents the maximal gain rate for C.
Lastly, the final term in this equation models the degradation of C, with the parameter S¢

determining its degradation rate.
Steady State Analysis and Adaptation Conditions

After scaling the time and state variables as described in the appendix, the dimensionless
form of the model is given by

d

dfi:ao—ﬂoa

db_ b b
dr b+a3c+a4 !
de a 1

dr a+1b+1

Here again 7 is the dimensionless time and a, b, ¢ represent scaled levels of proteins 4, B, C,
respectively.

The adaptive dynamics requires the independence of the steady state of the response
protein C from the signal protein A. Since B is not regulated by A in this model, one way to
achieve the adaptive dynamics is to have positive regulation of B by itself [12]. Under the
assumption of 5y = 1 = 1, if (i) ay > ¢* and (ii) a3z > b* both hold simultaneously, the
dimensionless model simplifies to

da
i (14)
db -
o =(@e—1)b (15)
de a 1 (16)

dr a+1b+1

where a1 = . Biologically speaking, the adaptive dynamics in the NFBL model
requires a low afﬁmty of the intermediate protein B for itself, as Well as a low affinity of
response protein C for the 1ntermed1ate protein B. As seen in Eq. (1 5) 1s directly propor-
tional to . When j—‘; = j—f = E = 0, this model produces the followmg two steady states.

The first steady state is at
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(7))
* b* * — 0
(a7 ,C) (ao, 70[0+1)
and the second steady state is at
Ozodl 1
*, b*v ) = ) - 17 =~ )
(.6, ¢%) = (a0, 0 — 1) a7

The second steady state is biologically meaningful only if 33?_11 > 1. Notice that the steady

state of ¢ in the the first steady solely depends on the abundance of signal protein determined
by ay. Therefore, the NFBL model cannot display adaptive dynamics at this steady state,
and the adaptation can only occur when the model attains the second steady state. Fig. 3
shows a graphical representation of how the steady state of » changes as a function of the
gain rate oy in the adaptive regime for this model. As seen in this plot, the steady state level
of b is a nonlinear saturating function of ay, and this dependence is a Michaelis Menten
type with a maximum value of &; — 1. For adaptation to occur, b* > 0 must hold, leading
to ag > agritical = ﬁ Unlike the IFFL model, in the NFBL model, for b* to be biologi-

C

cally meaningful in the adaptive regime, vy must exceed a critical value oy > i,

From Eq. (16), ¢* < 1 always holds. At the steady state, given by Eq. (17), the first

adaptation condition ¢* = 0‘3?4 < ay simplifies to a; > a3. To obtain a set of parameter

values for the adaptive dynamics, we can choose a4y = 1, which results in ¢* = 3—1‘ <1,
ensuring that the first condition is always satisfied. Introducing a large value s > 1 further

simplifies the two adaptation conditions to

(,_”71.. B - /.//

/ l()()rr'llu’ul

[e1))
Fig. 3 A graphical representation of the steady state analysis of the NFBL model in the adaptive regime.

The steady state of b as a function of g is a nonlinear saturating function with a maximum value of
a1 — 1 (see the text for the details)
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2
S ST
= -1)= >0
as S(Oz0+1 > ag+1

2 St 3 Qg
= —1) = 0
a1 =S8 <a0—|—1 > S a0+1>

Using these estimates, the adaptive NFBL model becomes

da _
dr —ao—a
db

e =(sc—1)b
dc a 1

i

and its steady state becomes

QoS

*pE o) = _
(Cl, 7C) (a07a0+1

1sh) (18)

Since «y is the steady state of a and a positively regulates ¢, we restrict é < ag <9, which
covers the range from 10% to 90% of the maximal gain rate of ¢ as detailed in the simula-
tion section. Therefore, in the adaptive regime, the steady state of b is significantly larger
than the steady states of both a and ¢, and the steady state of b is greater than one, while the
steady state of ¢ is much smaller than one.

Local Stability Analysis

To investigate local dynamics of the NFBL model, it is studied analytically by linearizing
the model equations in the vicinity of the steady state given by Eq. 18) as detailed in the
appendix. For the half maximal gain rate of ¢ due to a, if we set ap = 1, then o and a3

become % and % respectively, simplifying the model equations to

dAa
=—A
dr @ty
dAD 52
820 2 _9A
dr (2 s)Ae
dhc 1 o ZAb— Ac
dr  2s 52

where 7 is a newly introduced input signal that represents the input when the model is at
the resting state of (Aa*, Ab*, Ac*) = (0,0,0). This model can be solved analytically [38]
to get the solution for the initial condition Aa(0) = Ac(0) = Ac¢(0) = 0 in terms of y and
s> 1las

Aa(t)=y(1—¢7) (19)
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Ab(T) =7s E(l —e )~ §67% sin(\ggq—)] (20)

Notice that the solution is oscillatory in the adaptive regime. From Eq. (21), one
can calculate the percentage maximum value of ¢ relative to its basal level as

100 x mi%" = 4.04%, which occurs at 7. = 2.055 when ap = 1. At a9 = 1/9 and 9,
1
these valuesbecome 100 x % = 7.28% and 0.81% attainedat,., = 2.054 and 2.054,
1

respectively. The local stability analysis of this model shows that the maximum deviation
from the steady state of c is directly proportional to the input signal v, and it is inversely
proportional to s > 1. Moreover, the time required to reach the peak is determined by two
exponential functions and two trigonometric functions. Like in the IFFL model, the recipro-
cal of s measures the steady state of a, and if there is no signaling protein there will be no
response as expected.

Numerical Simulations and Response Dynamics

One way to compare the dynamics of the IFFL and NFBL models is to examine the responses
they generate as the input signal varies. In this section, we numerically simulate the model
equations in Matlab utilizing its odelSs solver. For all simulations, the parameter s held
constant at s = 5000 while the amplitude and persistency of the input signal are varied.

Prolonged Input Signals and Response Dynamics

We first examine how each model responds to a prolonged signal with increasing amplitude.
Four metrics are used to quantify the response dynamics. Each metric captures a different
aspect of the response curve. The first metric is the response time(t,s), which quantifies the
time required to reach the maximum level of ¢, namely ¢(7,-5) = ¢nqz. The second metric
is the return time (7,+), which measures the time required for the response level to return
within 5% range of its pre-steady state, defined as the resting state of the protein prior to

c(Tre)—cy
<1

the signal. c,; satisfies the condition

x 100 < 5, where cj is the steady state
level of ¢ before the signal. The third metric is the maximum percentage increase (Cpqz) in

x 100. Again

c(1rs)—cy
—

c relative to the pre-steady state level, which is given by ¢4 =

here, c} represents the steady state of ¢ before the signal. The fourth metric is the percentage
adaptation error (Gerror), Which measures the level of adaptation after applications of the

ok
Cog —Cq

P

signals, which can be calculated by using the formula aeppor = x 100, where c}

represents the steady state of ¢ before the signal, and c3 represents the steady state of ¢ after
the signal. We assume that the models exhibit perfect adaptation if this metric is less than
0.04%. Referring to Eqgs. (14)—(16), since «y is the sole parameter determining the steady
state of a, which positively regulates ¢, we restrict % < ag < 9. This range implies that a
can influence the gain rate of ¢ by between 10% and 90% of its maximum value. Since the
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gain rate of ¢ due to a follows a Michaelis-Menten type function, both excessively small
and large values of « outside of this range result in a negligible change in the gain rate of
c. For example, for a fixed value of b, g = 1/9,1 and 9 result in gain rates of 90%, 50%
and 10% of maximal gain rate of ¢ due to a, respectively.

Our simulation results, depicting the response dynamics as the input signal changes for
both models, are shown in Fig. 4. To capture a wide range of changes in the input signal
amplitude, the x-axis is scaled logarithmically in these simulations. As seen in Fig. 4A), the
response metric 7, decreases as the input amplitude increases in both models. 7, s reaches
its lowest value for the highest input amplitude, while it is the highest (7,5 ~ 2) when the
input signal amplitude is the lowest, corresponding to a 1% increase in its basal level.

The simulation curve for 7,4 in the IFFL model(red curve) and the NFBL model with
ap = 1/9(blue dash curve) are comparable up to a 200-fold increase in the input signal
amplitude. However, between 200 and 1000 fold change in the amplitude, 7, for the IFFL
model continues to decrease, reaching 0.5 at a 1000-fold increase. In contrast, for the NFBL
model, 7,5 seems to saturate around 0.63.

For all levels of input signal amplitude, 7, is always shorter in the IFFL model com-
pared to the NFBL model when ap = 1 or 9(black and cyan dashed curves). As the signal

A B
" @ __ : 18 e L ———
S IFFL -
" — — NFBL, ag = } -
\.. 0 9 16 /
S NFBL, ag = 1
T R NFBL, ag = 9 14 [ J
1.5
. 12
O N &
,,,,,,,,,, 10
1 8 IFFL
- — — NFBL,ag =}
~ 6 NFBL, ag = 1
=~y NFBL, ag = 9
05 4
10° 10 102 108 10° 10° 102 108
Input(fold change) Input(fold change)
c D
IFFL TFFL
— — NFBL,ag=} — = NEBLay=; -—T77
NFBL, ag = 1 NFBL, ag = 1 -
1 0.03f | NFBL, ay=9| 7

10° 10" 102 103 10° 10" 102 103

Input(fold change) Input(fold change)

Fig. 4 Response metrics for the IFFL and NFBL models as the amplitude of the input signal increases.
Four metrics are depicted in this simulation: (A) response time (77s), (B) return time (7,¢), (C) max-
imum response (Cmaq ), and (D) adaptation error (aerror). These metrics are calculated using 1000
evenly spaced values for the input signal amplitudes, ranging from 1.1 to 1000, corresponding to a 1%
to 1000-fold increase in input signal amplitude. Note that the x-axis is on a logarithmic scale to capture a
wide range of input signal amplitudes
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amplitude increases, the difference in 7,5 between the IFFL and NFBL models becomes
more pronounced, indicating that the NFBL model responds slower to stronger input signals
compared to the IFFL model.

This simulation also shows that the response time can be regulated in the NFBL model,
but not in the IFFL model when all three proteins have the same degradation rates for the
fixed input signal amplitude. Unless protein 4 has a very high affinity for C in the NFBL
model, 7,5 in the IFFL model is always shorter. When 4 has a high affinity for C, the models
have comparable 7, values for input signals with amplitudes less than a 200-fold increase.
For signals with amplitudes greater than 200-fold, the response time remains shorter in the
IFFL model.

Fig. 4B displays the simulation result for 7,, metric. The return time 7,; increases as the
amplitude of the input signal increases and reaches some maximal values in both models.
The stronger the signal is, the longer it takes for the models to return to their respective pre-
steady state levels. This metric takes its values between 4 and 18 unit of dimensionless time
as the input increases from 1% to 1000 fold increase in the amplitude of the signal. Com-
pared to the IFFL model(red solid line), 7,; takes larger value in the NFBL model for the
parameter values of ap = 1/9 and oy = 1(blue dotted curve and cyan dashed curve), and
smaller value for the parameter value of oy = 9(black dotted curve). Our simulation shows
a maximum of two fold increase in the return time in the IFFL model as the signal amplitude
increases, but this increase in the NFBL model is 4-5 fold when ap = 1/9 and 1, and it is
about 2.5 fold when ap = 9. This is due to the fact that for the larger value of this parameter,
the maximum response level in the NFBL model is much smaller. The sharp jumps in this
metric for the NFBL model when oy = 1/9 and 1 are due to the oscillatory nature of the
dynamics produced by this model. Our simulations depict that it takes longer for the NFBL
model to return to the pre-steady state compared to the IFFL model unless 4 has a low affin-
ity to C in the NFBL model producing much smaller maximal response.

Fig. 4C displays the simulation result for the maximum response metric Cy,qz, Which
increases as the input signal amplitude increases in both models. ¢4, attains its lowest
value for the weakest signal while it takes its highest value around 320%(red curve) when
the input signal is the strongest for the IFFL model, this value is about 250%(blue dashed
curve) for the NFBL model that occurs when ap = 1/9. Our simulation predicts that ¢;nqx
increases as the input increases in the IFFL model, but it saturates around 250%(blue dashed
curve), 45%(cyan dashed curve) and 6%(black dotted curve) in the NFBL models when
ap =1/9,1 or 9, respectively. The NFBL model with ap = 1/9 produces the highest
response until about 210 fold change in the amplitude of the signal, and this response starts
saturating for the stronger signals, and levels off around 250%. The difference in the per-
centage maximal changes in the response compared to the respective pre-steady state levels
between the NFBL and IFFL models can be as much as 60 fold. The IFFL model produces
higher response compared to the NFBL model for strong signals, while the NFBL with
ap = 9 produces a maximal response of 6% even for the strongest input signal.

Fig. 4D displays the simulation result for ae,., metric. The adaptation error ae,ror
increases as the input increases, but in all simulations it stays below 0.04%, indicating
almost perfect adaptation attained by the models, which also shows that adaptability of the
models are robust against up to 1000-fold increase in the amplitude of the input signal.

This simulation shows that the IFFL model responds to the strong input signal faster, and
produces higher response levels and returns back to its pre-steady state sooner compared
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to the NFBL, the only exception is the NFBL model with g = 9, which returns back to its
pre-steady state sooner, but its capacity of producing responses to the signal is small (Fig.
4B and C).

Pulse Type Repetitive Input Signals and Response Dynamics

To further investigate and compare the dynamics produced by the IFFL and NFBL models,
we simulated both models using pulse-type repetitive input signals with varying ampli-
tude and persistency, while the models are at their respective steady states. The simulation
results are shown in Fig. SA--D. In each simulation, the NFBL model was run for two dif-
ferent values of ap = 1/9 and oy = 1, since the model does not produce a strong enough
response when ag = 9 (see Fig. 4C). In all simulations, the red solid curve represents the
IFFL model response, while the blue dotted and blue dash-dotted curves represent the NFBL
model responses with ap = 1/9 and oy = 1, respectively. These two values of « in the
NFBL model correspond to high and moderate affinity levels of the signaling protein 4 to
the response protein C. In each plot, the signal profile is shown at the top, and the response
protein dynamics are shown at the bottom.

Response dynamics to weak-short input signals: We simulated the IFFL model and
NFBL model dynamics in response to weak-short input signals, and the result is shown in
Fig. SA. For this simulation, a signal with an amplitude of oy = 2 and persistency of 1 for
every 10 unit of time is applied to both models four times. The x-axis is the dimensionless
time 7 and y-axis is the percentage changes in the response relative to their respective steady
states prior to the signal. To produce this simulation, when the models are at their respec-
tive resting state at 7 = 0, the signal is turned on by setting cvg = 2 until 7 = 1, at this time
point it is tuned off by resetting ag back to its baseline value of 1, and waited until 7 = 10
so that the models converge back to their resting state. Our simulations predict that waiting
10 units of time is sufficiently long for the models to converge back to their resting states
before the next signal. At 7 = 10, the signal is turned on for a unit of time again and turned
off at 7 = 11. This pattern of turning the signal on for one unit of time for every 10 unit of
time is continued until 7 = 40.

As seen in this simulation, the dynamics are all oscillatory for both models due to
the nature of the signals applied; however, the NFBL model produces higher oscillatory
responses compared to the IFFL model when oy = 1/9, but not when «y = 1. This pattern
of dynamics is consistent for each signal application. The maximum response to the first
signal for the NFBL with ap = 1/9 is 122.5%, attained at 7 = 1.26, whereas this value is
117% at T = 1.17 for the IFFL model. The NFBL model with oy = 1 reaches a maximum
of 110.8% at 7 = 1.31 for the first signal. The repeated response pattern is not surprising as
all the models assume adaptive dynamics for the selected parameter values. After turning
off the signal, waiting 9 units of time is long enough for the models to settle back down to
their respective steady states, and all the models produces similar dynamics for the succes-
sive signal applications.

Response dynamics to pulse type very strong short input signals: The dynamics pro-
duced by the IFFL and NFBL models were simulated in response to a strong, short-pulse
input signal with an amplitude of o = 400 and a duration of 1 time unit for every 4 units of
time. The simulation results are shown in Fig. 5B. To generate this simulation, the signal
was activated at 7 = 0 by setting & = 400 and remained on until 7 = 1, then it was turned
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Fig. 5 Dynamic responses of the IFFL and NFBL models in response to repetitive pulse type signals with
varying amplitude and persistency. (A) Response dynamics for the signal with an amplitude of avp = 2
and a persistency of one for every 10 unit of time. (B) Response dynamics for the signal with an am-
plitude of g = 400 and a persistency of one for every 10 unit of time, (C) Response dynamics for the
signal with an amplitude of ag = 40 and a persistency of 1/10 for every 10 unit of time, (D) Response
dynamics for the signal with an amplitude of ctg = 400 and a persistency of 1/10 for every 10 unit of
time. The top plot shows the signal profile and the bottom plot shows the response dynamics for the IFFL
model(red solid curve), the NFBL model with ccg = 1/9 (blue dotted curve), and finally the NFBL model
with ap = 1(blue dash-dotted curve). These two values of cg mimic high and moderate affinity of signal
protein A to the response protein C

off at 7 = 1 by resetting cg = 1. The signal stayed off until 7 = 4, after which it was turned
on again for one unit of time and turned off at 7 = 5. This on-off pattern was repeated four
times until 7 = 16.

This simulation shows that the NFBL model with cp = 1/9 produces slightly smaller
oscillatory responses (~340%) attained at 7 = 0.64, compared to the IFFL model (~364%)
attained at 7 = 0.57 for the first signal. However, surprisingly, the response of the NFBL
model diminishes significantly in later times (after the 4th signal application), dropping
to ~108%, while the IFFL model produces a ~154% response to the same signal profile.
On the other hand, the NFBL model with op = 1 produces small oscillatory responses (~
145%) attained at 7 = 0.98, compared to the IFFL model’s ~364% at 7 = 0.57 after the
first input signal. The response in the NFBL model with oy = 1 diminishes completely in
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later times (~101.3%), and the model becomes almost unresponsive to the input signal. Our
simulations suggest that this is due to the inhibitory effect of the intermediate protein B on
the response protein C, which is significantly larger than the activatory effect of the signal
protein A on the same protein for this type of input signal profile.

Response dynamics to pulse type strong-brief signals: We also simulated the dynam-
ics produced by the IFFL and NFBL models in response to a brief, very strong input signal.
The signal had an amplitude of oy = 40 and a persistency of 1/10 for every 4 units of time.
The simulation result is depicted in Fig. 5C. To produce this simulation, the signal is briefly
turned on at 7 = 0 and remains on until 7 = 0.1, at which point it is turned off by resetting
ap back to its basal level of 1. The signal is left off until 7 = 4. At 7 = 4, the signal is turned
on again for 0.1 units of time and turned off at 7 = 4.1. This pattern is repeated four times
until 7 = 16.

This simulation shows that the NFBL model with g = 1/9 produces higher oscilla-
tory responses (~174%) attained at 7 = 0.71, compared to the IFFL model (~156%) at
7 = 0.52 after the first signal. The response diminishes in later times, and becomes compa-
rable to the response produced by the IFFL model. After the application of the 4th signal,
the response produced by the IFFL model is ~132%, while it is ~136% for the NFBL model
with ag = 1/9. On the other hand, the NFBL model with cig = 1 produces a response with
smaller amplitude (~125%) attained at 7 = 0.86 for the first signal, and the responses for
successive signals become significantly smaller (~113%). This is again due to the inhibitory
effect of the intermediate protein B on the response protein C, which dominates the activa-
tory effect of the signal protein 4 on C.

Response dynamics to pulse type very strong-brief signal: The dynamics produced
by the IFFL and NFBL models were also simulated in response to a brief, very strong input
signal. The signal had an amplitude of vy = 400 and a persistency of 1/10 for every 4 units
of time. The simulation result is depicted in Fig. SD. To produce this simulation, the signal
is briefly turned on at 7 = 0 and remains on until 7 = 0.1, at which point it is turned off
by resetting g = 1. The signal is then left off until 7 = 4. At 7 = 4, the signal is turned
on again for 0.1 units of time and turned off at 7 = 4.1 repeating this pattern 4 times until
T = 16.

This simulation shows that the NFBL model with g = 1/9 produces higher oscilla-
tory responses (~302%) attained at 7 = 0.65, compared to the IFFL model (~280%) at
7 = 0.41 after the first signal. However, in later times, the response diminishes significantly
and becomes smaller in amplitude than the response produced by the IFFL model. After
the 4th signal, the response for the NFBL model is ~135%, while for the IFFL model it
is ~163%. On the other hand, the NFBL model with aip = 1 produces a response with
smaller amplitude (~142%) attained at 7 = 0.91 for the first signal, and the responses for
successive signals become significantly smaller (~109%) due to the inhibitory effect of the
intermediate protein B on the response protein C. It is surprising to see that the NFBL model
with ag = 1/9 produces a significantly smaller response compared to the IFFL model after
the first signal.
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Conclusion and discussion

We studied two well-known network motifs capable of generating adaptive dynamics in
response to prolonged input signals. For each motif, we identified the sufficient conditions
for adaptation and compared the resulting dynamics. Both mechanisms involve three pro-
teins, which is the minimum number required for adaptive responses in the IFFL motif, but
not necessarily for the NFBL motif [28].

Our mathematical analysis showed that the adaptive dynamics in the IFFL motif are more
robust with larger parameters ranges compared to those in the NFBL motif. In the adaptive
regime, our analysis reveals that the steady-state level of the intermediate protein increases
linearly as the steady-state level of the signal protein rises in the IFFL model, while this rela-
tion is saturating for the NFBL model and the steady-state of the signal protein must exceed
a certain threshold, which has been reported in an earlier experimental study [39]. They
studied the chemotactic responses of bacteria and amoeba to input signals and observed that
bacteria employing the NFBL failed to exhibit adaptation [40, 41], whereas amoeba utiliz-
ing the IFFL showed adaptation to the input signal [42]. The saturating relationship between
input signal and response protein levels in the NFBL model has recently been observed in a
genetically engineered circuit [36]. In this study, they designed a robust perfect adaptation
circuit that involves a two-node negative feedback loop coupled with linear positive feed-
back, and experimentally measured the relationship between the steady-state levels of the
monomeric transcriptional activator and input signals across various promoter mutants. they
observed that this relationship indeed saturates in all mutants.

The local stability analysis of both models reveals distinct behaviors. In the IFFL model,
the response time is exactly twice the protein degradation rate and is independent of the
signal amplitude. In contrast, the response time in the NFBL model slightly larger than
twice the degradation rate. For both models, the maximum response level is proportional
to the input signal amplitude. However, while the dynamics near steady state are expo-
nential in the IFFL model, they are oscillatory in the NFBL model. Both IFFL and NFBL
motifs reduce response time [1, 20], our local analysis shows that the response times for
both models are comparable, each being approximately twice the protein degradation rate,
which agrees well with the measurements reported in an experimental study for a negative
feedback system [36]. These consistencies suggest that the IFFL motif may be particularly
effective in environments where stable and predictable responses are necessary. On the other
hand, the NFBL motif showed slightly more variability in response time, varying around
twice the degradation rate. The NFBL model also demonstrated oscillatory behavior near
steady state, in contrast to the exponential dynamics observed in the IFFL motif. These
oscillations may offer a potential advantage in situations where more complex, time-varying
responses are required, such as in processes involving periodic or transient signals. Despite
these differences, both motifs exhibited a linear relationship between the signal amplitude
and the maximum response, highlighting their common ability to scale their outputs accord-
ing to the input. The richer dynamics of the NFBL motif, however, suggest that it could pro-
vide more flexible regulatory control, potentially enabling cells to fine-tune their responses
based on environmental cues.

To conclude, our comparison underscores the importance of feedback architecture in
shaping the temporal characteristics and flexibility of adaptive responses. The inherent com-
plexity and nonlinearity of cellular networks empower cells to perform intricate and coordi-

@ Springer



Differential Equations and Dynamical Systems

nated functions. However, because of this complexity, examining individual components in
isolation does not fully reveal how these networks function as a whole. To gain a compre-
hensive understanding of the dynamics and regulation of these networks, a systems-level
approach is crucial. Our in silico experiments provide testable predictions that can inform
future research aimed at enhancing our understanding of protein dynamics, regulation, and
signal adaptation.

A. Appendix

This section provides the details of non-dimensionalization and local stability analysis of
the IFFL and NFBL models.

A.1 Derivation of the dimensionless model for the IFFL motif
The IFFL model given by Egs. (1)—(3) consists of a system of three nonlinear differential

equations with 10 governing parameters. To obtain a dimensionless form, we first introduce
dimensionless variables for time ¢ and state variables 4, B and C :

t A b B d C (A1)
T=—,0=——b=——andc=
Be Kac Kpc veBe
By differentiation, the corresponding relationships become
dt = dTﬂc, dA = KAchL, dB = KBcdb and dC = Ucﬁcdc (A2)

After substituting these quantities into the model equations in Egs. (1)—(3) and making nec-
essary simplifications, we obtain the dimensionless form as

d

dfi =ap — Poa

db ala

&Y — B1b
dr  a-+ «as b
dc a 1

dr a+1b+1 €

_ Beovaf(I) _ Bcus _ K _ Bc _ Bc
where ag = ==, 0 = T8 a0 = 14ads bo = 55,00 = 5

A.2 Linearization of the dimensionless IFFL model

The dimensionless IFFL model simplifies to the following equations in the adaptive regime
under the assumptions outlined in Section 2.1
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da
I =faola,b,c) =ap —a
db aa
— = b,c)=——b
dt fb(a/a ) C) s
dc a
7 =fc(a,b,c) = 57¢
The steady state(a*, b*, ¢*) of this model can be calculated by setting g—f_ = % = j—ﬁ =0,

and solving the resulting system simultaneously for (a, b, ¢), which leads to

(a*.,b*,c*) _ (ao’ QpQy %

(65) 7041

To obtain a linear model representing the local dynamics around this steady state, we com-
pute the Jacobian matrix and evaluate it at the steady state, which results in

Ofa  Ofa  Ofa 1 0 0

J*(a*7b*’c*): ﬁ ﬁ & _ ?T; _12 0
A R
da ob Oc (a*,b*,c*) Qoo apas

After defining new variables describing the deviations of each dimensionless variable from
its steady state as Aa = a — a*, Ab=b—b* and Ac = ¢ — ¢*, the linear model approxi-
mating the dynamics of the nonlinear model near the steady state becomes

dAa
A
dt “
dAb
— =yAa—A
7 YoAa b
dAc
f=e =v1Aa + v Ab — Ac
dt
where 70 = 5t >0 and 71 = 22~ > 0 and 7, = C;f;% < 0. This model can be solved

analytically to study the local dynamics in the vicinity of the steady state.

A.3 Derivation of the dimensionless model for the NFBL motif

The NFBL model, as given by Egs. (11)—(13), consists of a system of three nonlinear dif-
ferential equations and eleven parameters. To obtain a dimensionless form, we can use the
same definitions for the dimensionless variables and time as provided in Eq. (A.1) and Eq.
(A.2). After substituting Eq. (A.2) into the model equations and performing the necessary
simplifications, the dimensionless form of the model becomes
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da

— =ag — Boa
7 00 Bo
db b
= pb
dT b+o¢30+a4
de a 1
dr a+1b+1
where oy = ﬁcﬁzém,al—5}(0557a3:§§g,a4fUcﬂc,ﬁof%andﬁl—ﬁc

A.4 Linearization of the dimensionless NFBL model

The dimensionless NFBL model simplifies to the following equations in the adaptive regime
under the assumptions outlined in Section 2.2

d
& =gq(a,b,c) =ag —a
dr
db
— =gp(a,b,c) = (@1c—1)b
dr
de a 1
-5 —Yc 7b7 ©) = -
dr 7 (a,b,¢) a+1b+1
where &1 = (a*,b*, ¢*) of this model can be calculated by solving
Z—i = gﬁ = @ = 0 simultaneously for (a, b, ¢), which becomes
( * p¥ *) ( 0105[1 1 1 )
a ) = (« -1,—).
P 0 o+ 1 ) O~é1

To obtain a linear model around this steady state, we compute the Jacobian matrix and
evaluate it at this steady state, which yields

99a agba 99a -1 0 0
a c ol
J*(a*,b*,c*) _ & g & — 0 0 (@wo+1D) 1
a b c
ggc ge g)gc 1 (a0+1) _1
b de (a*,b*,c*) (ao+1)apar g &7

Similar to the IFFL model, after defining new variables defining deviations of dimension-
less variables from their respective steady sate values as Aa = a — a*, Ab=b— b* and
Ac = ¢ — c*, the linear model approximating the local dynamics of the nonlinear model for
the NFBL motif becomes

dAa
—=—-A
dt “
dAb
—— =vAc
dt YoAcC
% =v1Aa + 72 Ab — Ac
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where vp = % -1,m = m >0 and y5 = —(2‘272? < 0. This model can be

solved analytically to determine the local dynamics in the vicinity of the steady state.
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